Abstract: Narrow tilting commuter vehicles are expected to be the new generation of city cars, considering their practical dimensions and lower energy consumption. But their dimensions increase their tendency to overturn during cornering, facing lateral acceleration. This problem can be solved by tilting the vehicle in a way that reduces the perceived lateral acceleration at the cabin during cornering, as it is seen on two wheeled vehicles. So far in literature, the corresponding tilting angle is computed, and the control strategy aims at reaching this desired angle. This paper, presents another control approach, achieving a direct control of the perceived acceleration. The proposed strategy is interesting since it is simple to implement, takes advantage of accelerometer's and gyroscope's measures, and valid on roads with non zero banking angle. As the lateral speed is not practically measured, the paper proposes, for comparison purpose, different (original) ways to get its value without deteriorating robustness. Finally, the proposed solution is a simple robust state feedback controller exploiting all the available measures.
INTRODUCTION
A new generation of cars is being studied nowadays. These cars would be more pragmatic and efficient considering traffic congestion and parking problems in urban areas, as well as they would reduce energy consumption. These new cars are small, narrow commuter vehicles. They have approximately half of the width of a conventional car (less than 1m), and the second passenger sits behind the driver in tandem. Considering their geometry, (approximately 2.5m length, 1m width and 1.5m height), these cars are characterized by a high centre of gravity, which makes roll stability an issue. They would have to lean into corners similarly to two wheeled vehicles. There are two types of control system that could be used for tilting the vehicles, as detailed in (Rajamani et al. 2003) (Piyabongkarn et al. 2004 ) (Rajamani 2006 ). 1-DTC or direct tilt control, in which a dedicated actuator is used to control the tilt (for instance have an active suspension), and 2-STC or steering tilt control, where no additional actuator is used, and the tilt is controlled by the steering angle. In this case, the link between the steering wheel and the wheels is no longer mechanical. DTC is more efficient in relatively low speeds, while it requires high power input to initiate the tilting (Hibbard, 1996) . The power requirement also grows with speed. STC will have good stability performances only at high speeds, mainly because it modulates the steer angle imposed by the driver.
From an academic point of view, few researches have been made on these cars. D. Karnopp started by suggesting that the narrow vehicle would have to lean into corner and discussed the optimum desired lean angle in (Karnopp et al. 1992) , then worked on modelling the vehicle, and controlling it, using DTC and STC systems. Snell in (Snell, 1998 ) also worked on the hybrid system, and proposed to start the tilting with STC, than to switch to DTC to maintain the tilting position. Rajamani also worked on modelling (Rajamani, 2006) and controlling the vehicle (Piyabongkarn et al., 2004) . In the latter paper, the authors proposed several control strategies, like RHC (receding horizon controller) to determine the lean angle, combined with a Proportional-Derivative controller based on a LQR design criterion. They assumed that the trajectory of the vehicle can be previously known. At the University of Bath, UK, a three wheeled prototype was developed, with hydraulic actuators to tilt the cabin. Using DTC, the system has high power requirement, (Van Poelgeest et al. 2007 ). More recently, Chiou in (Chiou et al. 2009 ) proposed a double loop PID to control the tilting position and rate.
On the industrial side, some three and four wheels narrow vehicles projects have been proposed. Ford Gyron is one of the earliest prototypes; it uses a heavy gyroscope for stabilisation. General motors developed the Lean Machine, with manual lean system, controlled by the driver. MercedesBens stopped at the design stage of the F-300 Life jet. More recently, Brink Dynamics developed Carver, a three wheeled car with rotating body, but non tilting rear engine, and the manufacturer Lumeneo proposed the Smera. At last, Nissan revealed the Land Glider, another four wheels narrow car at the 2009 Tokyo motor show. In this paper, a new control strategy for DTC systems is presented. Contrarily to what is studied so far in literature, (calculating the desired lean angle or reference θ des , and aiming at getting the lean angle equal to the desired one (θ=θ des )), the control objective presented in this paper is to control directly the lateral perceived acceleration on the cabin a per , without using the intermediate computation of the lean angle θ des . This strategy uses less approximation; it would be shown how a zero steady state torque with zero perceived acceleration can be obtained simultaneously at a constant curve radius trajectory. The paper is organised as follows: non-linear and linear models from the literature are reported, in section 2. The control objective is defined (the perceived acceleration a per =0) and three different LQR strategies are developed in the fourth and fifth section. The 1 st control strategy uses an LQR controller with state feedback. As practically the measurements of all the states are not available, an observer is proposed in the second one. In the third one, in order to avoid the implementation of the observer, a static transformation is proposed, leading to a new state-feedback controller involving only the measured states. Simulation results are given in the sixth section and time performances are discussed. Stability and robustness analysis in frequency domain are also given, followed with the conclusion and some perspectives.
TILTING VEHICLE MODEL
Since the aim is to study the lateral dynamics of the vehicle, the model is reduced to a 3 DoF bicycle model, as proposed by Rajamani et al. (2003) . They elaborated their model using fundamental dynamics. It may also be obtained by simplifying the model proposed in Maakaroun (2011) . The three degrees of freedom are the tilt angle θ, the yaw angle ψ and the lateral position y (Fig. 1) . The reference (xyz) is attached to the centre of gravity of the vehicle G, with (xy) the horizontal plan, while (x'y'z') is also attached to the centre of gravity, but leans with the vehicle, i.e. is attached to the chassis. The lateral position y is defined as the distance between the vehicle's centre of gravity and its instantaneous centre of rotation, while the yaw angle ψ is measured with respect to the global axis X, and θ is the angle between the cabin's upright position and its actual position, finally F f and F r are respectively the front and rear lateral forces applied on the tires in the (XY) plane, these forces would let the car follow a curved trajectory. Based on Newton's laws, the obtained nonlinear model equations can be found in (Rajamani et al. 2003) . The model and the underlying assumptions have been revisited in Maakaroun (2008) , using a systematic model design borrowed to the robotics. These assumptions are : 1-the vehicle is considered as a mass point at its centre of gravity; 2-vertical reaction forces on the right and left wheels are considered identical; 3-gyroscopic effects due to the rotation of the wheels and road bank angle have been neglected; 4-tire forces are simplified, considering small angle approximations; 5-many mechanical parts that would have an impact on the vehicle's dynamics haven't been represented (e.g. dampers). But this simplified model can still be used for control, as long as the control law would have some robustness properties. A detailed 3 DoF model was developed by (Katayama, 1990) 
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Notice that the steering angle δ is also measured.
CONTROL PROBLEM AND SOLUTION
As already mentioned, the objective of the tilting control is the lateral stability of the vehicle facing lateral acceleration when cornering. Stability is obtained when the vehicle tilts such that the resultant force of the lateral acceleration and the weight of the vehicle is along the vertical axe of the vehicle (z') ( Fig. 1-L ) when M t =0, which means that the perceived acceleration along the (y') axis is zero:
Since the control signal is applied on the tilting actuator, the previous control strategy shown in literature, were composed of two parts: 1. a reference generator of the tilting angle θ des , approximately matching a per =0 (3), 2. and a controller that generates the control torque M t that would lean the cabin to θ=θ des . This strategy has some limitations, such that the desired angle θ des is approximated, leading to a non-zero steady state torque in a DTC control strategy, and the perceived acceleration is not really zero. The cabin starts to lean only when the lateral acceleration is already perceived and the desired angle computed, which causes a delay and an important torque requirement when initiating cornering. This control strategy is also sensitive to the road bank angle, which has to be explicitly taken into consideration to avoid static error (Kidane et al.¸ 2006) . In order to overcome these limitations, it is proposed in this paper to control directly the perceived acceleration a per , and not the intermediate value of the tilting angleθ. In addition, in order to increase robustness against neglected dynamics and filter measurement noises, a filter is added on the control signal such that 1 , 0.013 1
Consequently, the state x is augmented with u f ,
LQ/LQG DESIGN METHODOLOGY
To tune the controllers proposed in this section, LQ or LQG/LTR (Loop Transfer Recovery) criteria have been used (Stein et al., 1987) . Few tuning parameters, good robustness properties and explicit minimization of the energy of pertinent signals (crucial for tilting control) are the main motivations. Notice that hereafter the longitudinal speed V and the mass m of the vehicle will first be assumed to be constant, and are omitted in matrices (1) to clarify the notations. (Moore et al., 1987) .
LQ state feedback design
As the measured steering angle d=δ can be seen as a disturbance by the controller, a feedforward gain K d has to be computed to compensate it by solving the regulator problem (Wonham, 1985) . The predictor model of δ is considered as piecewise constant. Finally, the final LQ controller can be expressed as in (7).
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LQG/LTR observer design
To reconstruct non-measured state variables when needed (namely y ), a LQG/LTR observer is used. The covariance's 
As a per is not defined in the linear model (1), the small angle approximation is needed to express it as a function of the state vector x and the inputs d and u. 
with 1 2 (Moore et al. 1987) . is applied on the control signal M t (see (4)).
5.1Controller (1):State feedback LQ controller
The Q and R matrices involved in the LQ problem are now chosen very simply, as the perceived acceleration and the torque control is the only signals considered. R is normalized to 1. Integrating the LQ gain associated to u f (see the filter (4) ), the resulting controller ( ) LQ K s is given by (see Fig. 2-(1) ): 
Controller (2): LQR/LQG controller
As said at the end of the section 2, the state y cannot be measured. An estimation ŷ has therefore to be computed. An LQG/LTR observer based on the whole model (1) Fig. 2-(2) and the resulting control expression is:
Controller (3): State feedback with gain redistribution on a per and the other states
In the following, we rewrite y as a function of the other measured states or output variables so that the LTR-observer may be avoided. One very important measure is the perceived acceleration a per directly provided by the accelerometers. Note that this measure was not used in the previous strategy, nor in the classical strategy of controlling θ such that θ=θ des .
Starting from equation (9), a per ≈ y +Vψ +hθ -gθ and using (1) 
Replace theses values in (9), then rearrange the terms: if the control objective is obtained, a zero torque is also obtained. This property is not true when controlling the tilting angle θ because since θ des is an approximation of the real desired value that would lead to a per =0, even if θ=θ des the control torque M t ≠0. Or in the exposed strategy, the expression of a per was also simplified using small angle approximation (see (9)), and since no integrator is included in the control, the approximation may lead to a steady state error. Therefore, in order to get a zero steady state, it is proposed to add a low frequency filter on a per and control both a per and filt per a , i.e. the controlled output z becomes:
which implicates the modification of the LQ problem defined by (5) and (1), with the integration of the filter in x, and defining the new weighting matrices 2 Q ∈ » and 1 R ∈ » (see Table 1 ). The resulting controller is represented in Fig.  2-(3) with the control expression:
6. SIMULATION RESULTS
Time performances
To study the performance of the proposed control strategies, we simulate the model with the parameters given by Piyabongkarn et al. (2004) , performing a curve; the steering angle delta ( δ ) is represented in Fig. 3 . The vehicle runs in a straight line till t=5s, than initiates a curve, and keeps a constant steering angle of δ=0.09rad. 
Controller ( (2) is also superimposed to the two others. It is clear that at steady state the vehicle is stable with a constant tilt angle θ, and a per =M t =0. Note that in this case (linear model) no filter is needed on the perceived acceleration. Simulations using the non linear model are presented below. Note that in this case, controller (3) is augmented with filt per a . The same trajectory described in Fig. 3 is used, adding a disturbance at t=20s. It is an additional lateral force applied on a vehicle, representing a strong wind blow. As said in subsection 5.3, the steady state error in a per and M t is due mainly to the small angle approximation in the expression of a per (9). In order to solve this problem partially, a filter was added on a per . As a result, it can be seen that the steady state is zero when there is no disturbance on the system, and that, the disturbance is rejected in a better way in the presence of the filter on a per . Note that the chosen scenario for simulations is quiet though; the trajectory corresponding to this steering angle δ=0.09 rad at V=8m/s has a curve radius of 20m and lateral acceleration a lat =1.8m/s 2 . The results under these conditions are quiet satisfying, compared to other scenarios used in literature, where bigger curve radius were considered, 500m in Piyabongkarn et al. (2004) or lateral acceleration of 0.1 m/s 2 in Hibbard et al. (1996) . 
Robustness analysis
In addition to the time performance analysis, robustness properties were studied. Gain, phase, delay, and module margins were calculated for the three strategies. Table 2 shows the minimum stability margins. Note that the stability margins obtained for controller (2) are very close to those obtained for controller (1). This is due to the LTR effect, obtained with convenient tuning of the observer's gain. One can notice also the good delay margins that are of interest for the practical implementation of the control law.
To illustrate this robustness analysis, Fig. 6 shows simulation results using the controllers (3) on the non-linear model, with and without filter on a per , considering different vehicles' masses (+/-25kg). Notice that the use of the filter on a per does not solve completely the problem of the static error. A new control perspective to control lateral tilting vehicle was presented. The lateral perceived acceleration was directly controlled, with no need to compute a reference or the desired tilting angle. This strategy requires less approximation than classical ones. It also has the nice properties that a zero steady state perceived acceleration is coherent with a zero control input and necessarily may easily be extended to the case of roads with non zero banking angle. LQR control strategy was chosen, leading to a state-feedback controller, easy to implement, taking into account the entire vehicle's dynamics. This can be of interest compared to the control solutions restricted to the tilting angle. Finally, a simple transformation that replaces the unmeasured value of lateral speed y by other known variables was proposed. Future works would consist on improving the robustness of the control strategy to longitudinal speed variation, and introducing some constraints on the tilting angle, that should not exceed a predefined tilting limit.
